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Abstract
General framework for Poisson homogeneous spaces of Poisson groups is intro-
duced. Poisson Minkowski spaces are discussed as a particular example.
Introduction
Poisson Lie groups, introduced in [1] (see also [2, 3, 4, 5]), allow one to describe generalized
symmetries of classical mechanical systems and provide an important tool for studying
quantum deformations of Lie groups. The classication of Poisson structures on a given
group gives usually a correct idea about the classication of the quantum deformations of
this group.
Together with Poisson (or quantum) groups, one has to consider Poisson (or quantum)
spaces on which these groups act. This, in particular, rises the question of the classication
of homogeneous Poisson (or quantum) spaces for a given Poisson (quantum) group.
In this paper we collect some fundamental facts concerning Poisson homogeneous spaces
and apply this to the classication of Poisson Minkowski spaces. For each Poisson structure
on the Poincare group (as studied recently in [6]) there is exactly one Poisson structure on
the Minkowski space, making it a Poisson homogeneous space.
1 Preliminaries
We collect here basic denitions related to Poisson manifolds [7] and Poisson groups (main
references: [1, 2, 3, 4, 5]). We start with introducing a simple notation.
Notation.
1. LetM;N be manifolds and f :M ! N a smooth map. For any contravariant tensor 












2. Let M;N;P be manifolds and f :M  N ! P a smooth map. Let
x
f :N ! P ,
f
y
:M ! P be dened by
x
f(x) = f(x; y) = f
y
(x) for x 2M;y 2 N
1







if  is a contravariant tensor at some point of M ,  { a contravariant tensor at some point
of N .




=< df ^ dg;  > (1)
satises the Jacobi identity (in this case the bracket is said to be Poisson). A bivector eld
 is Poisson if and only if the Schouten bracket [; ] is zero. Poisson bivectors are also
called Poisson structures. A Poisson manifold is a pair (M;), where M is a manifold and
 is a Poisson structure on M .
Let (M;), (N; ) be two Poisson manifolds. A smooth map f :M ! N is said to be a
Poisson map if f((x)) = (f(x)) for each x 2M .
If (M;) is a Poisson manifold and f :M ! N a surjective submersion such that
f((x)) = f((x
0
)) whenever f(x) = f(x
0
), then there is exactly one Poisson structure
 on N such that f is a Poisson map. It is given by (f(x)) := f((x)).
Poisson product (M;)(N; ) of two Poisson manifolds (M;) and (N; ) is the Poisson
manifold (M N;) with the Poisson structure  given by















(M N) for (x; y) 2M N:
A Poisson group is a Poisson manifold (G;) together with a Poisson mapm:GG! G
(the product Poisson structure on GG), such that (G;m) is a group (consequently, this
group is a Lie group).
Since m(X  Y ) = Xh+ gY for X 2 T
g
G, Y 2 T
h
G, the map m is Poisson if and only
if it is multiplicative:
(gh) = (g)h+ g(h) for g; h 2 G; (2)
where gh := m(g; h).
Let (G;) be a Poisson group. We denote by g the Lie algebra of G. Since (e) = 0,
where e is the group unit, the bivector eld  has a well dened linearization at e. The




cocommutator or cobracket. The linear map :g!
2
V
g satises two conditions:
1. it is a 1-cocycle on g with values in
2
V
g (with respect to the adjoint action)
2. it is a (linear) Poisson bivector on g
Any pair (g; ), where :g !
2
V
g is a linear map satisfying two above conditions, is
said to be a Lie bialgebra. The above mentioned correspondence between Poisson groups
and Lie bialgebras is known to be one to one, if we consider only Poisson groups (G;) for
which G is connected and simply connected.
2
2 Poisson homogeneous spaces
If (G;) is a Poisson group and (M;
M
) is a Poisson manifold then an action :GM !M
is said to be a Poisson action if  is a Poisson map. It is true if and only if 
M
is (G;)-
multiplicative in the following sense:

M
(gx) = (g)x+ g
M
(x) for g 2 G;x 2M; (3)
where gx := (g; x). If the action  is transitive then (M;) is said to be a Poisson
homogeneous space of (G;).
In this section we prepare some tools to construct Poisson homogeneous spaces of a
given Poisson group. In particular, we shall be interested in the following problem.
Problem 2.1 Given a Poisson group (G;) and a transitive action of G on M , nd all
Poisson structures on M such that the action is Poisson.
We start with two simple observations:
1. The dierence of two (G;)-multiplicative bivector elds on M is G-invariant. The
sum of a (G;)-multiplicative bivector eld and of a G-invariant bivector eld is
(G;)-multiplicative. (The space of (G;)-multiplicative bivector elds is an ane
space modelled on the space of G-invariant bivector elds.)
2. A (G;)-multiplicative bivector eld 
M
on M which vanishes at some point is auto-
matically Poisson.














is the image of  under the orbital map g 7! gx
0
(a surjective submersion).
In order to illustrate these facts, we consider rst a special case. The Poisson group
(G;) is xed throughout this section.
2.1 Ane homogeneous space
We considerG acting on itself by left translations. We are interested in (G;)-multiplicative
Poisson bivector elds  on G. Since  is a solution of this problem, an arbitrary solution







 =  +A
l
; (4)
for some A 2
2
V
g (in fact, A = (e)). Any  of the form (4) is (G;)-multiplicative. It is
Poisson if and only if

















some right-invariant eld), hence it is zero if and only if
2(A) + [A;A] = 0; (6)
where (A) := [;A
l




](e) (since (e) = 0, [;A
l
](e) depends only on
the value of A
l
at e and on the linearization  of ).
We conclude that (G;)-multiplicative Poisson bivector elds  on G are in 1{1 corre-
spondence with solutions A of (6).




are exactly ane Poisson structures on G in the sense of [8, 5], whose associated left mul-
tiplicative Poisson structure is . Condition (6) has been derived in [8, 5]. It is also shown
in [5], that the solutions of (6) are in 1{1 correspondence with isotropic Lie subalgebras
which are complementary to g in the Manin triple Lie algebra gg

.
Special case. It is easy to describe all (G;)-multiplicative Poisson bivector elds  on
G which vanish at some point. Since (g) = (g) + g(e), assuming (g
0






























hence  is just the right translation of  by g
0
. (The corresponding isotropic complementary
Lie subalgebra in the Manin triple is just the image of g








We return to the situation of a general transitive action (g; x) 7! gx of G on a manifoldM .
First we formulate a result which allows to localize and linearize the problem. The
subgroup in G stabilizing an element x
0
2M is denoted by G
x
0








Lemma 2.3 For any x
0
2M there is a 1{1 correspondence between





































) satises (7). Conversely, if  satises
(7) then 
M
is well dened by (9), since
(gh)x
0









for g 2 G, h 2 G
x
0




































Corollary. For connected G
x
0
we have a 1{1 correspondence between
1. (G;)-multiplicative bivector elds 
M
on M and



























 2 g ^ g
x
0




Now suppose  satises (7) hence the corresponding 
M











































































Conclusion: solving problem 2.1 is equivalent to nd  satisfying (7) (or (11) if G
x
0
is connected) and (12). (
e





2.3 The coboundary case






















is the right-invariant eld on G corresponding to r. Conditions (11) and (13)





  r) 2 g ^ g
x
0
















2.3.1 The case of the Poisson quotient
Condition (11) has as solution
e























such that (16) is satised is called coisotropic in [5]. Another way of







to be a Lie subalgebra in
g

(with respect to the bracket dened by the dual map of ).
A special case of this situation arises when G
x
0














is an ideal in g

), cf. [3, 4].
Example. Recall that the `standard' Poisson structure  on a simple Lie group G
is dened in such a way that the cobracket  vanishes on some Cartan subalgebra h 2 g
(the corresponding Cartan subgroup H is a `classical' subgroup of the Poisson group G). It
follows that the quotient G=H carries a natural Poisson structure (the reduction of  by the
canonical projection) endowing G=H with the structure of a Poisson (G;)-homogeneous
space. In particular, taking G = SU(2), H = S
1
 SU(2) we obtain the `standard' Poisson
sphere. Any Poisson structure on the sphere which makes it a Poisson homogeneous SU(2)-
space is a sum of the standard Poisson structure and any SU(2) invariant bivector eld on
the sphere (in two dimensions all bivector elds are Poisson), cf. [9].
More general cases were described in [4, 10].
6
3 Poisson Minkowski spaces
Poisson Poincare groups in dimension D = 4 have been discussed and almost completely






sl(2; C ) is the Lorentz algebra and V is the subgroup of translations (which may
be identied with the Minkowski space). The r-matrix has a decomposition
r = a b c 2
2
^




We have a simple proposition.
Proposition 3.1 For any classical r-matrix r on the Poincare Lie algebra there is exactly
one Poisson structure on M := G=H such that the action of G on M is Poisson. This





Proof: The uniqueness follows from the fact that zero is the only G-invariant bivector eld
on M (there are no non-zero h-invariants in
2
V

















   a) 2 g ^ h for X 2 h;
and therefore
e
 = a. Since [c; a] 2 (
2
V
V ) ^ h and [b; a] = 0 (cf. [6]), we have
[a; a]  2[r; a] 2 (
2
^
V ) ^ h
and condition (15) is satised.
Remark 3.2 The proposition has a straightforward generalization for the R
p+q
oO(p; q)
groups discussed in [6]. Next few remarks are also valid in more general context.
Now we derive a practical formula to compute the Poisson structure onM corresponding














the right and left translations of a vector (u;X) 2 g = V oh by g = (v; I)  v 2 V are
given by
(u;X)v = (u+Xv;X); v(u;X) = (u;X): (17)
Using formula (9) with x
0





= ((a+ b+ c)v   v(a+ b+ c))x
0
= (bv   vb)x
0







(v) = (bv   vb)x
0
+ (cv   vc)x
0
+ a:

















2 h, we obtain (using (17))

M
































v = a+ b(v) + c(v 
 v); (18)









(0). In order to see that b and c are determined by 
M
, let us write b(v) and c(v
v)










 (y)  y 
 (x);
where :V ! V











































































































For the symmetric bilinear form corresponding to c(v




 u) + c(u




































Below we list the Poisson structures on M corresponding to the rst six cases in the















. Not displayed brackets are
zero.
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Remark 3.3 D = 2 Poincare groups and corresponding Poisson Minkowski spaces have
been classied in [11].
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